For a set of n points in the plane, a star connects one of the points (the center) to the other n − 1 points by straight line edges, while a Steiner star connects an arbitrary point in the plane to all n input points. The center of the minimum Steiner star, the Weber center, minimizes the sum of distances from the n points. Fekete and Meijer showed that the minimum star is at most √ 2 times longer than the minimum Steiner star for any finite point configuration in the plane or 3-space. The maximum ratio between the two is conjectured to be 4/π in the plane and 4/3 in three dimensions. Here we improve the upper bound to 1.3999 in the plane, and to √ 2 − 10 −4 in 3-space. Our results also imply improved bounds on the maximum ratios between the minimum star and the maximum matching in two and three dimensions. Our method relies on constructing a suitable discretization for a continuous problem and then using linear programming to optimize over a relatively large set of constraints.
Introduction
The study of minimum Steiner stars and minimum stars has a long history motivated by applications in facility location and computational statistics [2, 3, 5, 9] . The Euclidean median, also known as the Fermat-Toricelli point or Weber point, is the point that minimizes the sum of distances to n given points in R d . More generally, this problem can be asked in any metric space. Even in the plane, it is known [1, 6] that the Weber point cannot be computed exactly, already for n ≥ 5. (For n = 3 and 4, resp., Torricelli and Fagnano gave algebraic solutions.) It can be approximated with arbitrary precision [3, 5] , mostly based on Weiszfeld's algorithm [11] . The reader can find a survey on this problem in [7] .
Fekete and Meijer [10] studied the star Steiner ratio ̺ d , which is the maximum ratio between the length (weight) of the minimum star and the minimum Steiner star over all finite point configurations in R d . They proved that ̺ d ≤ √ 2 holds for any dimension d ∈ N. It is conjectured that ̺ 2 = 4/π, which is the limiting ratio in the case of n equally spaced points along a circle for n going to infinity [10] . A similar construction with points uniformly distributed on a unit sphere in 3-space shows that ̺ 3 ≥ 4/3, which is the conjectured star Steiner ratio in three-space [10] . By exploiting these bounds, Fekete and Meijer also established bounds on the maximum ratio η d , between the length of the minimum star and that of a maximum matching on a set of n points (n even) in two and three dimensions (d = 2, 3).
Here we show that ̺ 2 ≤ 1.3999, that is, given n points in the plane, one can always find one of them, say p, such that the star centered at p is less than 1.3999 times longer than the minimum Steiner star. Similarly, we show that ̺ 3 ≤ √ 2 − 10 −4 ≈ 1.4141. Based on these estimates, we can then further improve the estimates given in [10] on η 2 and η 3 . We also confirm the conjecture that ̺ 2 = π/4 in two special cases. Our improvements are summarized in Table 1 . Here min S denotes a minimum star and its length (with a slight abuse of notation), SS * denotes a minimum Steiner star and its length, and max M denotes a maximum length matching and its length (for an even number of points). Although our improvements may look rather small (particularly those in three-space), they break the "barriers" of √ 2 for the Steiner ratios in two and three dimensions, and those of 2 √ 2/ √ 3 and 2 for the star-tomatching ratios in two and three dimensions.
Ratio
Lower bound Upper bound ̺ 2 : (min S)/SS * 4 π = 1.27 . . .
1.9999 † Table 1 : Lower and upper bounds on maximum ratios in the plane (̺ 2 , η 2 ), and in 3-space (̺ 3 , η 3 ). Those marked with † are new.
Regarding our method of proof, we have recently used a similar linear programming approach in another geometric problem: for improving the lower bound on the minimum number of distinct triangle areas determined by n noncollinear points in the plane [8] . We in fact expect to see further applications of this method to attack problems in extremal combinatorics of the Euclidean space when dealing with large set of constraints that are difficult to manage directly "by hand". See for instance [4] for another example.
Stars in the plane
Let P be a set of n points in the Euclidean plane. Let SS * be a minimal Steiner star for P , and assume that its center, the Weber center for P , is not an element of P . We may assume w.l.o.g. that the Weber center is the origin o = (0, 0), and that the closest point in P to o is p 0 = (1, 0). Generally, we denote by S (x,y) the star centered at point (x, y). We clearly have SS * ≥ n. Let the edges of SS * be r i and let a i denote their lengths, for i = 0, . . . , n − 1. Finally, let α i ∈ [0, 2π) be the angle between the positive x-axis and r i . The minimality of the Steiner star implies (cf. [10] ) that the sum of the vectors − → op i vanishes, henceforth
cos α i = 0 and
These equations combined with the trigonometric addition formulas readily give n−1 i=0 cos(α i + θ) = 0 for any angle θ [10] .
Fekete and Meijer [10] show that if one moves the center of SS * from the Weber center to a closest point of P , the sum of distances increases by a factor of at most √ 2. This bound is best possible: If the closest points of P to the Weber center o are at (1, 0) and (−1, 0), and the remaining points are distributed evenly in the close proximity of (0, 1) and (0, −1), say, (n − 2)/2 points around each, this ratio can be made arbitrarily close to √ 2. Indeed, the star centered at (1, 0) has length roughly (n−2) √ 2+2, while a star centered at (0, 1) or (0, −1) has length roughly (n − 2) + 2 √ 2 only; this makes the ratio go to √ 2 in the limit. The idea for the improvement is based on this observation: If the points are distributed very unevenly around the Weber center, we can find a better star center than the closest point.
First, observe that if SS * > cn for some constant c > 1, then we can improve on the bound ̺ 2 ≤ √ 2 using Fekete and Meijer's argument. Next assume that most points are close to the unit circle. We distinguish two cases depending on how uniformly the points around the circle are distributed. If a double wedge centered at o with a sufficiently sharp angle (of a value to be established) contains many points, we consider the star centered at a closest point to o in the "rich" double wedge. If no double wedge is "rich," we consider the star centered at the over-all closest point to o, namely (1, 0).
In the last two cases, we formulate our constraints on the existence (non-existence) of a rich double wedge as a system of linear inequalities. We give an upper bound on the length of the chosen star subject to these constraints. It turns out that we can approximate this objective function by a linear function in both cases. We thus reduce our case analysis to solving two linear programs, and their solution provides the new bound on ̺ 2 . Our main result in the plane is: Proof. Assume that the Weber center is not in P . Let − → r i denote the directed segment from the Weber center to p i , and let a i = | − → r i | be its length for i = 0, 1, . . . , n − 1.
We have SS * = n−1 i=0 a i , and
. Let p 0 = (1, 0) ∈ P be a closest point to the Weber center and let b i be the length of the segment between (1, 0) and the intersection point of − → r i with the unit circle (that is, b i is the side length of an isosceles triangle whose two equal unit sides make an angle of α i ). See Figure 1(a) . Note that b 0 = 0, since α 0 = 0. We say that a double wedge (centered at the origin) of angle Φ = 36
• is rich if it contains at least n/2 points of P . We distinguish three cases:
Case 0 that SS * ≥ 1.04n. In this case, we have n ≤ 100 104 SS * . By the triangle inequality, we have a
By Lemma 4 in [10] , the local optimality condition (2.1) implies
It follows then that
as desired (in fact, slightly better).
Case 1 that SS * ≤ 1.04n and there is no rich double wedge. We still choose (1, 0) to be the center of a star, and show that
The bound is obtained similarly to Case 0. It is enough to show that
since this readily implies
Putting
Divide the interval [0, 2π) into N intervals of equal length, for a sufficiently large even integer N : N = 3600 will do. Corresponding to Φ = 36
• , set A = 360. Denote the j-th interval by I j = [2jπ/N, 2(j + 1)π/N ), for j = 0, . . . , N − 1. Let x j be the number of angles α i in I j . On the indices of I's, we apply arithmetic modulo N ; that is, for j ≥ N , we have x j = x j (mod N ) . Clearly, we have N i=0 x j = n, and the assumption that there is no rich double wedge gives
for each j = 0, . . . , N − 1. Our objective function to be maximized is
Without the density constraint (no rich double wedge), by using (2.2) and Jensen's inequality, the upper bound [10] , and this is tight even under constraint (2.1).
Write
By the monotonicity of the cosine function, we have that for any α
We now rewrite (2.2) as two linear inequalities which allow for a small deviation around zero. For each interval I j , the sum of the cos α i values over α i ∈ I j can be approximated sufficiently well by w j x j :
For N sufficiently large (e.g., N = 3600), we can take δ = 0.00175. Therefore (2.2) can rewritten as:
w j x j ≤ δ, and
We normalize variables x j by dividing by n, and also ignore those x j = o(n), which only contribute an arbitrarily small correction ε > 0 (say, ε = 10 −6 ) in each inequality. We are finally lead to solving the linear program (LP1) below with N = 3600, A = 360, δ = 0.00175:
j+A−1 k=j
A solution to (LP1) is ≈ 1.39958 . . . < 1.3999, attained for x 719 = x 2879 = 0.0566 . . ., x 745 = x 1105 = 0.4431 . . ., and all other x j = 0. This corresponds (approximately) to about 0.4431n points at α = 75
• and α = 110
• , and about 0.0566n points at α = 72
• and α = 288
• . One can observe the relative symmetry of the maximizing point configuration.
Case 2 that SS * ≤ 1.04n and there exists a rich double wedge. We select the point in a rich double wedge closest to the origin as the center of the candidate star. Observe that if the closest point is at distance at least 1.08 from o, then
and we are done by Case 0. We can therefore assume that the closest point to o in the rich wedge is at distance at most 1.08 from o; and w.l.o.g. this is p 0 = (1.08, 0), i.e., on the xaxis (a smaller distance is only better). We can also assume w.l.o.g. that the point (1, 0) divides the right wedge so that the arc above (1, 0) is at least as large that the arc below it. By this assumption, we have therefore
We next bound from above the length of S (1.08,0) . Let now b i denote the length of the segment connecting (1.08, 0) to the intersection point of − → r i and the unit circle (that is b i is the side length of a triangle with two sides of lengths 1 and 1.08 making an angle of α i ). See Figure 1(b) . It is enough to show that n−1 i=0 b i ≤ 1.3999 · n, since this readily implies, as in Case 1, that
Our objective function to be maximized is now
. . , N − 1. By the monotonicity of the cosine function, we have that for any
Our second linear program (LP2) is then, with N = 3600, A = 360, δ = 0.00175:
A solution to (LP2) is ≈ 1.39936 < 1.3999, attained for x 359 = 0.1858 . . ., x 782 = 0.5, x 2159 = 0.3141 . . ., and all other x j = 0. This corresponds (approximately) to about 0.1858n points at α = 36
• , 0.5n points at α = 78
• , and about 0.3141n points at α = 216
• . This completes the analysis of Case 2, and thereby the proof of Theorem 2.1. 2
Remarks. For both (LP1) and (LP2), a constraint for the sum of sine values equal to zero can be added. However, this does not improve the current solution. Similarly, constraints that specify that the richest double wedge is chosen in Case 2, and not just an arbitrary rich wedge did not improve the solution (for the current setting of the threshold to n/2 points per rich double wedge and wedge angle of Φ = 36
• ). Regarding the value of N , choosing a smaller value implies a larger value for δ, which interferes then with the function to be maximized; this explains our choice.
As a corollary of Theorem 2.1, along the lines of [10] , we obtain the following result on the maximum ratio between the lengths of the minimum star and that of the maximum matching on n points in the plane (n even): COROLLARY 2.1. The minimum star to maximum matching ratio in the plane is at most
Proof. By the result in [10] ,
max M . By our Theorem 2.1, min S ≤ 1.3999 · SS * . Combining the two yields the estimate.
2
The best known lower bound for this ratio, 4/3, is given in [10] . It is obtained by placing n/3 points on each vertex of an equilateral triangle (for n divisible by 3). More important, this ratio can be approached arbitrarily close using distinct points.
Two special cases
In this section, we show that the bound 4/π is best possible in two special cases, corresponding to the lower bound construction. Specifically, we show that the star Steiner ratio is less than 4/π for (i) any finite point set along a circle centered at the Weber center, and (ii) for any finite point set in the plane where the angles from the Weber center to the n points are uniformly distributed (that is, α i = 2iπ/n, for i = 0, 1, . . . , n − 1).
THEOREM 3.1. The star Steiner ratio for a set of n points in the plane that lie on a circle centered at the Weber center is at most
Proof. Clearly, we have SS * = n. Order the points p 0 , p 1 , . . . , p n−1 by increasing angle in counterclockwise order, and let ∠p i op i+1 = 2α i , for i = 0, 1, . . . , n − 1 (zero angles are permitted, corresponding to duplicate points). Note that we have α i ≥ 0, and
Let S i be the star (and its length) centered at the ith point p i . Consider the sum of the lengths of these n stars. This sum can be expressed in a convenient way:
where for each j = 1, . . . , n − 1, C j is the sum of lengths of n chords of the form p k p k+j :
Here arithmetics on the indices is modulo n (that is, p n = p 0 , and so on). By (3.3) and Jensen's inequality on the interval [0, π], we have
Similarly,
Continuing in the same way,
By assembling the upper estimates on C j , for j = 1, . . . , n − 1, we get
A well-known trigonometric formula gives a closed form for the sum
By substituting this into the previous inequality, we get
The minimum star among these n clearly satisfies:
as required. We obviously have π 2n < tan π 2n , which yields the simpler (but slightly weaker) form
For the upper bound in the second special case, we move the points successively to a circle centered at the Weber center. To show that the length of the star increases in each step, we use the following technical lemma: 
It is enough to show that for every t > 1, the function f t (α) : [0, π] → R + is strictly increasing, that is, f ′ t (α) > 0. This is equivalent to the inequality
Note that cos α 2 > 0 for α ∈ [0, π], so this is equivalent to t sin α cos
which is true for every t > 1, since (t + 1)/(t − 1) ≥ 1 for all t > 1. The proof is almost identical for the remaining two cases: (ii) p i and p j lie in the closed halfplane below the x-axis, and (iii) one of them is above and the other is below the x-axis. 2 THEOREM 3.2. The star Steiner ratio for a set P of n points in the plane where the i-th point is visible from the origin under angle 2iπ/n, for i = 0, 1, . . . , n − 1, is at most
Proof. We may assume w.l.o.g. that p 0 = (1, 0) is a closest point in P to the origin o. Let α i = ∠p 0 op i ∈ [0, 2π), for i = 0, 1, . . . , n − 1, as in the lemma. We show that the star centered at p 0 is at most Assume that some points of P lie (strictly) outside of the unit disk centered at o. Note that cos α j is minimal for j = ⌊n/2⌋. For every point p i ∈ P , i = ⌊n/2⌋, that lies (strictly) outside of the unit disk centered at o, invoke Lemma 3.1 with i and j = ⌊n/2⌋. That is, we move p i to a new position on the unit circle and move p ⌊n/2⌋ by the same distance away from the origin (along their rays from o). After this transformation, the length and the center of the Steiner star remains the same, while the length of the star centered at p 0 increases. We obtain a configuration (still denoted P ) where all points of P but p ⌊n/2⌋ lie on the unit circle, and p ⌊n/2⌋ lies at some distance t > 1 from the origin o. The minimum Steiner stars (of both the original and the final point sets) have length n + (t − 1), and the same center. After the transformation, (by using the triangle inequality as in the proof of Theorem 2.1, Figure 1) , the star centered at p 0 has length bounded by
Hence the star Steiner ratio is at most
Stars in the space
In this section we prove the following result THEOREM 4.1. The star Steiner ratio in R 3 is at most
Proof. Instead of the double wedges used in the plane, we consider double cones centered at the origin having an aperture of Φ = 36
• . We say that a double cone (centered at the origin) of angle Φ = 36
• is rich if it contains at least 0.075n points of P . For each point p i ∈ P , we associate an angle α i formed by its unit vector with the positive direction of the x-axis. Assume w.l.o.g. that p 0 = (1, 0, 0) is a point of P closest to the Steiner star center o. As in the planar case, we first observe that a lower bound of the form SS * > cn, for some constant c > 1, implies n ≤ SS * /c, and thus yields an improvement relative to √ 2:
We distinguish three cases:
Case 0 that SS * ≥ 1.000375n. As shown above this implies a ratio of
Case 1 that SS * ≤ 1.000375n and there is no rich double cone. We will use caps on the unit sphere determined by double cones to cover a wide vertical ring (spherical segment) on the sphere with a width (angle) of Ψ = 31.4
• at o, that corresponds to points of P with angles α i in the interval [90
• − Ψ/2, 90
• + Ψ/2). Refer to Figure  2 . The intersection of each double cone (with an aperture of Φ = 36
• ) with the sphere boundary consists of two circular caps. We use 10 double cones Ξ i , i = 0, 1, . . . , 9, with their axes in the vertical plane x = 0 with two consecutive axes making equal angles of Φ/2 = 36
• /2 = 18
• . Notice that by construction, for each i, the axis of Ξ i+1 is incident to the circle making the cap boundary of Ξ i . Furthermore, three consecutive circles C i−1 , C i , C i+1 make two isosceles triangles with vertices
(each intersection consists of two points), and the tangency point C i−1 ∩ C i+1 . See Figure 3 . An easy geometric calculation shows that the union of the 20 circular caps given by the 10 double cones cover a ring R on the sphere whose angle width at o is (since the altitude in the isosceles triangle is at least √ 3/2 times the side length):
Our condition of no rich double cone implies that at most 10 × 0.075n = 0.75n rays − → r i intersect the ring R. Divide the unit sphere centered at o into N equiangular rings of 2π/N each, parallel with the vertical plane x = 0. Let R j = [2jπ/N, 2(j + 1)π/N ), for j = 0, . . . , N − 1, and let x j be the number of angles α i in R j . All angles in one of the rings have roughly the same cosine value. We impose the constraint that R has at most 0.75n points and arrive at the following linear program (LP3), with N = 3600, A = 314 corresponding to Ψ = 31.4
• , and δ = 0.00175:
The differences to (LP1) are: the value 0.75 instead of 0.5, the different value for A, and a unique constraint for the vertical ring R, instead of the many constraints for each double wedge in (LP1). A solution to (LP3) is ≈ 1.413410 . . . < √ 2 − 7 · 10 −4 , attained for x 742 = 0.09004 . . ., x 887 = 0.75, x 1057 = 0.15995 . . ..
Case 2 that SS
* ≤ 1.000375n and there exists a rich double cone. We select the point in a rich double cone closest to the origin as the center of our star. Observe that if the closest point is at distance at least 1.005 from o, then SS * ≥ n + 5 1000 · 75n 1000 = 1.000375n, and we are done by Case 0. We can therefore assume that the closest point to o in the rich double cone is at distance at most 1.005 from o; and w. l. o. g. this is (1.005, 0). We can also assume w.l.o.g. that the symmetry axis of the double cone is contained in the plane xoz and has a nonnegative slope. With x j denoting the number of angles α i in the ring R j , by our assumption on the location of the closest point, we have (as in the planar case) for N = 3600, A = 360:
We now bound from above the length of S (1.005,0) . Let b i denote the length of the segment connecting (1.005, 0) to the intersection point of − → r i and the unit sphere (that is b i is the side length of a triangle with two sides of lengths 1 and 1.005 making an angle of α i with the x-axis). See Figure 2 . As in the planar case, it is enough to show that
since this readily implies the overall upper bound
on the Steiner ratio. Our objective function to be maximized is the same as that in the planar Case 2, and we arrive at the linear program (LP4) -a variant of (LP2), with N = 3600, A = 360 corresponding to Φ = 36
• , and δ = 0.00175: • , and about 0.075n points at α = 216
• . Observe that α = 86
• (or α = 216
• ) is not a specific location, but an entire ring. This completes the analysis of Case 2, and thereby the proof of Theorem 4.1. 2
Remarks. For both (LP3) and (LP4), constraints for the sum of sine values equal to zero can be added. These give small improvements in the LP solutions, however their overall contribution when balancing all three cases is negligible. To be precise, they did not lower the estimate to √ 2 − 10 −3 .
Similar to the planar case, as a corollary of Theorem 4.1, we obtain the following result on the maximum ratio between the lengths of the minimum star and that of the maximum matching on n points in 3-space (n even): COROLLARY 4.1. The minimum star to maximum matching ratio in 3-space is at most ( √ 2 − 10 −4 ) √ 2 ≤ 1.9999. That is,
Proof. By the result in [10] , SS * ≤ √ 2 · max M . By our Theorem 4.1, min S ≤ ( √ 2 − 10 −4 ) · SS * . Combining the two yields the estimate.
The best known lower bound for this ratio, 3/2, is given in [10] . It is obtained by placing n/4 points on each vertex of a regular tetrahedron (for n divisible by 4). Again, this ratio can be approached arbitrarily close using distinct points.
Concluding remarks
It is possible to further fine-tune the parameters to get slightly better estimates for the Steiner ratios in two and three dimensions with the current method. We feel however that more substantial improvements, say below 1.35 in the plane, and below 1.39 in 3-space, would require new ideas.
Another question that deserves attention is whether an alternative approach is possible for improving the minimum star to maximum matching ratio (currently 2, c.f. [10] ) in 3-space in the L 1 norm (Manhattan distances) by making a direct approach, that is, by not going through the star Steiner ratio. While the indirect approach works perfect in R 2 and gives a tight bound of 3/2, it only gives a loose bound in R
3
(it is known that 5/3 ≤ min S/ max M ≤ 2 for Manhattan distances in R 3 ), see [10] for details.
